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In order to solve the problem of the infrared (IR) divergence in the quantum field theory, the
formalism proposed by Kulish and Faddeev (KF) is well-known. In the formalism, when the IR
divergences appear, there remains non-trivial interaction even in the infinitely far past and future,
and the asymptotic states cannot be the free particle states but the asymptotic states are dressed by
infinite numbers of soft particles. Although the KF formalism is based on the Schro¨dinger picture, we
construct the asymptotic states by using S-matrix keeping the asymptotic interaction that remains
in far past and future as in the KF formalism. As a result, some conditions imposed by Kulish and
Faddeev become unnecessary or naturally appear in our formulation. Furthermore, our asymptotic
states satisfy the conditions for the gauge invariance proposed by Hirai and Sugishita based on the
BRS symmetry. We also explicitly show that the IR divergences in the S-matrix of the quantum
electrodynamics can be removed by using our formulation and clarify that the degrees of freedom
in the gauge transformation of the asymptotic states are related to the asymptotic symmetry of the
S-matrix. Therefore, the construction of the asymptotic states and the S-matrix in our formulation
may give a new insight into the IR physics in various kinds of theories.
PACS numbers:
I. INTRODUCTION
The problem of the infrared (IR) divergence in the transition amplitudes is well-known in the gauge theories
in four dimensions. For example, in the case of the quantum electrodynamics (QED), the loop corrections
coming from the low energy photons (i.e., soft photons) give an infinite phase in the transition amplitude and
the transition probability vanishes due to the IR divergences. This problem has been solved by using the
Bloch-Nordsieck (BN) formalism [1] where we assume that there exists an infinite number of soft photons in the
physical final state. In this formalism, the soft photon theorem which connects amplitudes emitting soft photons
with original amplitude is important to recover the predictability of the theory [2, 3]. Interestingly, it has been
discovered that this soft photon theorem is related to the asymptotic symmetry in the theory [4–7]. Nowadays
the relation is known as one side of the “infrared triangle”, which is now actively investigated (for example, see
[8]). In the study, the asymptotic symmetry of QED called large gauge symmetry implies the existence of an
infinite number of large charges with functional degrees of freedom. By choosing the function of the large charge
to a specific one and using the Ward-Takahashi identity, we can derive the soft photon theorem. A similar
relation between the Bondi-van der Burg-Metzner-Sachs (BMS) asymptotic symmetry [9, 10] and linearized
gravity theory has been found [11]. These studies lead to the consideration that asymptotic symmetries shed
new light on the information loss problem of the black hole (BH) [12]. There exists an infinite number of soft
charges also on the BH. They conjectured that the charges generate soft photons and soft gravitons (and so on)
in the quantum theory, and these soft particles may protect the unitarity of the evolution from the formation to
the evaporation of the BH. That is, the existence of the soft particles which solves the IR divergence problem
for the process of the transition amplitude in the flat spacetime may play an important role even in the curved
spacetime. However, we should note that in the BN formalism, the IR divergence in the S-matrix is not removed
although there is no divergence in the transition probability, and therefore, the unitarity of the quantum process
is not guaranteed. Therefore, it is appropriate that we use the Kulish-Faddeev (KF) formalism [13–18], which
can construct the IR divergence-free S-matrix, for considering the unitarity. In the KF formalism, we take
asymptotic states as not free particle states, but dressed states with infinite numbers of soft particles. Recalling
that the soft theorem is derived from one of the large charges, we can see that the soft theorem is not equivalent
to the asymptotic symmetry but included by the asymptotic symmetry. Besides, there are some studies that the
dressed states are eigenstates of the large charges and naturally arose by dictating the conservation of the large
charges [19, 20]. Hence, we can expect that the KF formalism may play an important role in the understanding
of the asymptotic symmetries.
Motivated with the above situation, we study the asymptotic states in the quantum field theories. Contents
of this paper are the following: In the next section, we briefly review the scattering problem in the quantum field
theory. Next, we review the KF formalism and point out some problems. Especially we mention an important
problem of the condition for the gauge invariance pointed out by Hirai and Sugishita [21]. We also propose our
formalism to solve the problems and give the definitions of general asymptotic states and S-matrix. After that
in Section IV, we explicitly show that there is no IR divergence in the S-matrix for QED as a specific example
and we observe that there appear the asymptotic symmetries from the condition for the gauge invariance. The
last section is devoted to the summary and conclusion.
2II. REVIEW ON KULISH-FADDEEV FORMALISM AND THE PROBLEMS
In this section, we review on the paper by Kulish and Faddeev [18].
A. Fock based S-matrix
First, we remind of the standard scattering problem in the quantum field theories. In the scattering problems,
we predict the transition probability from an “in” state |Ψ+α 〉 corresponding to the sufficiently far past compared
with the reference time t = 0 to an “out” state
∣∣∣Ψ−β 〉 in the sufficiently far future caused by the scatterings1.
Here |Ψ+α 〉 and
∣∣∣Ψ−β 〉 are eigenstates of the Hamiltonian of the system with the energiesEα and Eβ , respectively2.
We may decompose the Hamiltonian H into the free Hamiltonian H0 and the interaction V as H = H0 + V , it
is difficult to follow the time-evolution of states moment by moment in general if V exists. Then by assuming
that the interaction is sufficiently weak in the far past and far future, we use the particle picture and calculate
the S-matrix which is defined as follows,
Sβα :=
〈
Ψ−β
∣∣Ψ+α 〉 . (1)
In the particle picture, the “in” and “out” states asymptotically correspond to the free particle state |Φα〉 in a
free theory. By using the interaction picture3, this correspondance can be seen as,
lim
t→−∞
∣∣Ψ+α (t)〉I := limt→−∞Ω(t) ∣∣Ψ+α 〉 ≃ |Φα〉 . (2)
Here Ω(t) is a unitary operator connecting the fields in the Heisenberg picture and the fields in the interaction
picture, such as
O(~x, t) = Ω†(~x, t)OI(~x, t)Ω(~x, t) . (3)
We can also express the asymptotic “out” state similarly and the S-matrix in the particle picture is given by
〈
Ψ−β
∣∣Ψ+α 〉 ≡
〈
Ψ−β
∣∣∣∣ limt′→∞Ω†(t′)Ω(t′) limt→−∞Ω†(t)Ω(t)
∣∣∣∣Ψ+α
〉
≃ 〈Φβ | SD |Φα〉 . (4)
Here SD is the Dyson S-operator defined by
SD := lim
t′→∞
t→−∞
Ω(t′)Ω†(t) = T exp
[
−i
∫ ∞
−∞
dτ V I(τ)
]
. (5)
The notation of T expresses the time-ordered product. Eq. (4) is the standard expression for the S-matrix in
the particle picture but the expression is not well-defined in QED, due to the existence of the IR divergences.
B. Effects of asymptotic interaction and Kulish-Faddeev S-operator
In the KF formalism, the IR divergence can be regarded as the breakdown of the particle picture, that is, we
cannot neglect QED interaction in both far past and future. We call that interaction as asymptotic interaction
Vas. Kulish and Faddeev investigated the asymptotic states by considering the asymptotic time-evolution with
asymptotic Hamiltonian Has = H0 + Vas in the Schro¨dinger picture
4. Now, the operator Uas(t) which describes
the time-development of the asymptotic states satisfies,
i
dUas(t)
dt
= HSas(t)Uas(t) , (6)
1 Here we use the Heisenberg picture.
2 We should note that, however, if these states are completely the eigenstates of the Hamiltonian, there does not occur any
scattering. Hence, in rigorously, we need to consider the transition from a wave packet |in〉 to another wave packet |out〉, which
are defined by
|in〉 :=
∫
dαg in(α)
∣∣Ψ+α〉 , |out〉 :=
∫
dβg out(β)
∣∣∣Ψ−β
〉
.
Here g in(α) and g out(β) are amplitudes that are non-zero and smoothly varying over some finite range ∆E of energies. In this
paper, however, we do not analyse with wave packets.
3 We use suffix “I” to express the interaction picture.
4 We use suffix “S” to express the Schro¨dinger picture.
3which can be solved by assuming Uas(t) = e
−iHS
0
tZ(t). Then Z(t) satisfies the following equation,
i
dZ(t)
dt
= V Ias(t)Z(t) . (7)
The solution is given by
Z(t) = T exp
[
−i
∫ t
0
dτ V Ias(τ)
]
. (8)
The asymptotic interaction in the KF formalism is the coupling of the photon with the current composed of
point particles,
V Ias(t) =e
∑
h
∫
d3k
(2π)3/2
√
2ω
∫
d3p vµp
[
ǫµ(~k, h)a(~k, h)e
ik·vpt + (h.c.)
]
ρˆ(~p) , (9)
ω := k0 = ~|k| , vµp := pµ/Ep , Ep :=
√
m2 + |~p|2 , ρˆ(~p) :=
∑
σ
[
b†σ(~p)bσ(~p)− d†σ(~p)dσ(~p)
]
. (10)
Here a(~k, h) is the annihilation operator of the photon with momentum ~k and helicity h, and ǫµ(~k, h) is the
polarization vector of the photon. On the other hand, bσ(~p) and dσ(~p) are the annihilation operators of the
electron and the positron with spin σ and momentum ~p, respectively. We note that the integration regions of
the momenta are unbounded5. By using the expressions in (9) and (10), Eq. (8) can be explicitly rewritten by
Z(t) = exp
[
−i
∫ t
0
dτ V Ias(τ) −
1
2
∫ t
0
dτ
∫ τ
0
dτ ′
[
V Ias(τ), V
I
as(τ
′)
]]
. (11)
The first term in the exponent is nowadays often called the dress operator Rˆ(t):
Rˆ(t) :=
∫
d3k
∫
d3p
∑
h
[
fˆ(p, k, h; t)a†(~k, h)− (h.c.)
]
, fˆ(p, k, h; t) :=
eρˆ(~p)
(2π)3/2
√
2ω
p · ǫ∗(k, h)
k · p e
−ik·vpt . (12)
Here, Kulish and Faddeev removed a term Rˆ(t = 0) coming from the lower limit of the integration in (11),
due to the consideration that conditions at t = 0 should not affect asymptotic states. The second term in the
exponent of (11) is called the phase operator iθˆ(t), which gives an infinitely large phase and the explicit form
is expressed by
iθˆ(t) := i
e2
8π
∫
d3p
∫
d3qρˆ(p)ρˆ(q)
p · q√
(p · q)−m4
∫ t
0
dτ
τ
. (13)
Now, the explicit form of Uas was found, Kulish and Faddeev defined the S-operator as follows,
SKF := lim
t′→∞ , t→−∞
SasKF(t′, t) , (14)
SasKF(t′, t) :=Z†(t′)SD(t′, t)Z(t) , SD(t′, t) := T exp
[
−i
∫ t′
t
dτ V I(τ)
]
. (15)
C. Kulish-Faddeev asymptotic states and their S-matrix
Kulish and Faddeev have also discussed the asymptotic states. The S-matrix constructed by Kulish and
Faddeev is the matrix elements of the KF S-operator (14) between their asymptotic states. By using the free
particle state |Φα〉, the asymptotic state
∣∣ΨKFα 〉〉 proposed by Kulish and Faddeev is given by
∣∣ΨKFα 〉〉 :=D†g |Φα〉 , Dg := exp
[∑
h
∫
d3k
[
gµα(
~k, h)ǫ∗µ(
~k, h)a†(~k, h)− (h.c.)
]]
, (16)
gµα(
~k, h) :=
∑
m∈α
φm(k, pm)em
(2π)3/2
√
2ω
(
pµm
pm · k + c
µ
)
. (17)
5 This results in the ultraviolet (UV) divergence coming from the high momentum region. Kulish and Faddeev have assumed that
the divergence could be removed by the renormalization of mass. However, there is room for discussion to deal with this UV
divergence. For example, we may regard the detection limit of photons as the upper cutoff of the momentum value [22].
4Here, m is the label of the charged particle in the asymptotic state and em is the electric charge of the m-th
particle. φm(k, pm) in (17) is an arbitrary function as long as ZD
†
g is a unitary operator on the Fock space
and satisfies φm(k, pm) = 1 in the neighborhood of k = 0. Finally, c
µ is a null vector satisfying the condition
c · k = −16. Then, Kulish and Faddeev defined their S-matrix SKFβα as
SKFβα = lim
t′→∞
t→−∞
〈〈
ΨKFβ
∣∣ SasKF(t′, t) ∣∣ΨKFα 〉〉 = lim
t′→∞
t→−∞
〈Φβ |DgZ†(t′)SD(t′, t)Z(t)D†g |Φα〉 . (18)
In the construction of the S-matrix by Kulish and Faddeev, as usual, SD(t′, t) is defined as a map from the
Fock space to the Fock space. This is because Rˆ(t) vanishes in the limit of t→ ±∞ due to the relation:
lim
t→±∞
1
vp · k e
ik·vpt = ±iπδ(k · vp) = 0 . (19)
Now, SKFβα can be written by
SKFβα = 〈Φβ | e−iθˆ(∞)Dg SDD†g eiθˆ(−∞) |Φα〉 . (20)
It is known that the S-matrix (20) has no IR divergence. This formulation given by Kulish and Faddeev is
another way to solve the problem of the IR divergences.
D. Some issues
Before obtaining the expression in (17), Kulish and Faddeev considered the asymptotic states without the null
vector cµ but after that, they introduced the null vector for the following reasons. Since Kulish and Faddeev
considered general polarization, they imposed the free Gupta-Bleuler (GB) condition, which usually imposed
on the free particle states for prohibiting unphysical states, on their asymptotic states. That is, they imposed
kµǫµ(~k, h)a(~k, h)
∣∣ΨKFα 〉〉 = 0 for any ~k , h . (21)
This condition is equivalent to the condition kµg
µ
α = 0 for (17). To satisfy this condition, Kulish and Faddeev
added the null vector cµ to their asymptotic states by hand. However, can this free GB condition be justified to
apply QED asymptotic states which cannot neglect the interaction? Recently Hirai and Sugishita investigated
the asymptotic states in QED from the viewpoint of the BRS quantization and found that the gauge invariance
condition prohibiting the unphysical asymptotic states in QED is different from the GB condition but given by
lim
|t|→∞
Gˆ(~k, h, t) |Ψas〉〉 = 0 for any ~k , h , (22)
Gˆ(~k, h, t) := kµǫµa(~k, h)− qˆ(~k, t) , qˆ(~k, t) :=
∫
d3p
eρˆ(~p)e−ik·vpt
(2π)3/2
√
2ω
. (23)
The above condition can be satisfied by choosing φm(k, pm) properly even in the case without c
µ, i.e. kµg
µ
α 6= 0.
For example, if we choose φm(k, pm) = e
−ik·vpt, the condition (22) is satisfied though asymptotic states get
time dependence7. In that sense, Hirai and Sugishita concluded that the free GB condition is not appropriate
for the gauge invariance condition of the physical asymptotic states, and we need not cµ. Besides, there is an
important problem in the S-matrix defined by Kulish and Faddeev. Their S-matrix has no predictability due
to the functional ambiguity as φm(k, pm). In the BN formulation, the asymptotic states are naturally chosen as
the standard Fock basis constructed from the free Hamiltonian and this formula has predictability8. Similarly, if
we can construct the asymptotic states directly from the asymptotic Hamiltonian, these states may be a natural
basis for IR divergent-free S-matrix with predictability. That is our idea of the study.
III. OUR ASYMPTOTIC STATES AND S-MATRIX
In the previous sections, we have seen that the existence of the asymptotic interaction is essential in the KF
formalism. In the traditional calculation of the standard S-matrix (4), we can use the standard Fock states as a
basis by taking the limit of |t| → ∞ before calculating. However, in case there exists asymptotic interaction, we
cannot replace the order of taking the limit. We can now understand this is the source of the IR divergences.
6 we use the spacetime metric with signature (−,+,+,+) .
7 Here, we should impose the free GB condition on the free particle states if we use general polarization as usual.
8 For example, when we consider the scattering of the charged particles, it is often convenient if we choose the asymptotic state as
|Φα〉 = b
†
σ1 (~p1) · · · b
†
σN (~pN )d
†
s1 (~q1) · · · d
†
sM (~qM ) |0〉. Here we denote the vacuum state by |0〉.
5Kulish and Faddeev avoided this problem in a clever way by the new definition of the S-matrix based on the
dressed states containing an infinite number of photons. On the other hand, their construction of the asymptotic
states has unnatural points as mentioned above, for example, the upper limit of the soft photon momentum,
the derivation of the dress operator Rˆ(t) without dependence on the conditions at t = 0, the null vector cµ and
functional degree of freedom φm. In the following, we solve these problems by introducing time scales t = tI/F
where the “in/out” asymptotic states are defined.
In our formulation, we consider the possibility that we cannot neglect the interaction even in the far
past/future t = tI/F. First, we rewrite the “in” state |Ψ+α 〉 in an equivalent form:∣∣Ψ+α 〉 ≡ Ω†(tI)Ω(tI) limt→−∞Ω†(t)Ω(t) ∣∣Ψ+α 〉 . (24)
Next, by using the correspondence (2), we obtain
∣∣Ψ+α 〉 ≃ Ω†(tI)SD(tI,−∞) |Φα〉 , SD(tI,−∞) = limt→−∞ T exp
[
−i
∫ tI
t
dτ V I(τ)
]
. (25)
To investigate the interaction at t = tI, we now substitute the expressions of free fields into V
I and examine
the coefficients of tI in the exponents. Terms with the coefficients with O(1) vanish due to the high-frequency
oscillation or the Riemann-Lebesgue lemma. On the other hand, we may find that some coefficients are order
O (1/ |tI|) in some momenta regions. Then, we expand the terms with such a coefficient with 1/tI in the above
momenta regions, and we define the leading terms as the asymptotic interaction9. That is, the asymptotic
interaction mainly remains in the interaction at t = tI:
V I(tI) = V
I
as(tI) + o(1/ |tI|) . (26)
When t ≤ tI, V I(t) is approximately given by V Ias(t), the “in” state can be approximately written by
∣∣Ψ+α 〉 ≈ Ω†(tI)Ωas(tI,−∞) |Φα〉 , Ωas(tI,−∞) := limt→−∞ T exp
[
−i
∫ tI
t
dτ V Ias(τ)
]
. (27)
Now we define the asymptotic state |Ψα(tI)〉〉 of the “in” state |Ψ+α 〉 at far past t = tI like this:
|Ψα(tI)〉〉 := Ωas(tI,−∞) |Φα〉 . (28)
We also define the asymptotic state |Ψβ(tF)〉〉 of the “out” state
∣∣∣Ψ−β 〉 at far future t = tF same as asymptotic
“in” state, the S-matrix (1) coincides with the limit of the following asymptotic S-matrix Sasβα(tF, tI) as we can
see from the construction of the asymptotic state (24):
Sasβα(tF, tI) := 〈〈Ψβ(tF)| SD(tF, tI) |Ψα(tI)〉〉 = 〈Φβ |Ω†as(tF,∞)SD(tF, tI)Ωas(tI,−∞) |Φα〉 , (29)
Sβα ≡ lim
tF→∞tI →−∞
Sasβα(tF, tI) . (30)
IV. EXAMPLE: QUANTUM ELECTRODYNAMICS
In this section, we consider QED in our formulation as an explicit example.
A. Construction of the asymptotic states
To exclude unphysical states, we impose the Coulomb gauge condition for the polarization of the photon,
ǫ0(~k, h) = 0 , ~k · ~ǫ (~k, h) = 0 , (31)
and discuss the gauge invariance later. The condition (31) naturally appears from the representation of the
Poincare group for the massless spin one particle. Now we substitute the definitions of the photon field and the
spinor field,
aµ(x) :=
∫
d3k
(2π)3/2
√
2ω
∑
h
(
ǫµ(~k, h)e
ik·xa(~k, h) + ǫ∗µ(
~k, h)e−ik·xa†(~k, h)
)
, (32)
ψ(x) =
∫
d3p
(2π)3/2
∑
σ
(
uσ(~p)e
ip·xbσ(~p) + vσ(~p)e
−ip·xd†σ(~p)
)
, (33)
9 More concrete construction is given for QED in next Section.
6into the interaction of the QED,
V I(t) = ie
∫
d3xaµ(x)ψ¯(x)γ
µψ(x) , (34)
we obtain10
V I(t) = ie
∫
d3x
∑
hσσ′
∫
d3k d3p d3q
(2π)9/2
√
2ω
[
aµ(~k, h)e
ik·x
×
{
ei(p+q)·xv¯σ(~p)γ
µuσ′(~q)dσ(~p)bσ′(~q) + e
−i(p+q)·xu¯σ(~p)γ
µvσ′(~q)b
†
σ(~p)d
†
σ′ (~q)
+ ei(p−q)·xv¯σ(~p)γ
µvσ′(~q)d
†
σ(~p)dσ′(~q) + e
−i(p−q)·xu¯σ(~p)γ
µuσ′(~q)b
†
σ(~p)bσ′(~q)
}
+h.c.
]
. (35)
By integrating the above expression over ~x, there appear the delta functions connecting the momenta. Further
integrating over the momentum ~q, we can see that, in the second line of (35), the coefficients of t in the exponents
are given by ω±(Ep+Ep±k). We can neglect the second line since the coefficients are not small in any momenta
region. On the other hand, the corresponding coefficients in the third line are given by ω ± (Ep − Ep±k). We
cannot neglect the third line since, in the photon momentum region ω ≤ 1/ |tI,F|, we find
ω ± (Ep − Ep±k) = ω ± Ep

1−
(
1± 2
~k · ~p+ ~k2
E2p
)1/2 = −k · vp +O (ω2 ∼ 1/ |tI,F|2) (36)
and therefore the oscillation does not occur. Then, expanding with ω ≤ 1/ |tI,F|, we get the asymptotic
interaction as leading terms of that:
V Ias(tI,F) = e
∑
h
∫
0≤ω≤1/|tI,F|
d3k
(2π)3/2
√
2ω
∫
d3p vµp
[
ǫµ(~k, h)a(~k, h)e
ik·vptI,F + (h.c.)
]
ρˆ(~p) . (37)
Now, by following the arguments in Section II B, we find that the asymptotic operator Ωas(tI,−∞) for time-
evolution is given by
Ωas(tI,−∞) = eRˆ(tI)eiθˆ(tI), (38)
Rˆ(t) :=
∫
0≤ω≤1/|t|
d3k
∫
d3p
∑
h
[fˆ(p, k, h; t)a†(~k, h)− (h.c.)] , fˆ(p, k, h; t) := eρˆ(~p)
(2π)3/2
√
2ω
p · ǫ∗(k, h)
k · p e
−ik·vpt,
(39)
iθˆ(tI) := lim
t→−∞
i
e2
8π
∫
d3p
∫
d3qρˆ(~p)ρˆ(~q)
p · q√
(p · q)−m4 log(tI/t) . (40)
In contrast to the KF formulation which omits a term depending on the reference time t = 0 by hand, we get
a dress operator (39) which naturally independent on any conditions at t = 0 by using the equation (19). In
addition, our dress operator (39) has a difference in that integration region of the photon momentum from the
KF dress operator (12). Therefore in our formulation, there does not appear the ultraviolet divergence from
asymptotic states. Furthermore, although our phase operator (40) includes the logarithmic divergence, the
divergence can be controlled because the operator is finite before we take the limit t→ −∞.
Now we construct the asymptotic states of the “in” states. Because the dress operator and the phase operator
do not mix the charged particle and the photon, we can express the vacuum state as a direct product of the
vacuum state of the charged particle and the vacuum state of the photon and we denote this as |0; ψ〉 ⊗ |0; γ〉.
When the asymptotic state in the particle picture are given by
|Φα〉 = |ψα〉 ⊗ |0; γ〉 := b†σ1(~p1) · · · b†σN (~pN )d†s1(~q1) · · · d†sM (~qM ) |0; ψ〉 ⊗ |0; γ〉 , (41)
We obtain the asymptotic state of the “in” state |Ψα(tI)〉〉 by acting asymptotic operator Ωas(tI,−∞) to the
free particle state (41), we find
|Ψα(tI)〉〉 = lim
t→−∞
exp
[
i
∑
mn∈α
emen
8πβmn
log (tI/t)
]
|ψα〉 ⊗ |fα(tI)〉 , (42)
|fα(tI)〉 = Dfα(tI) |0; γ〉 , Dfα(tI) := exp
[∑
h
∫
0≤ω≤1/|tI|
d3k
[
fα(k, h; tI)a
†(~k, h)− h.c.
]]
, (43)
10 We always use normal ordered form of the interaction.
7fα(k, h; tI) :=
∑
m∈α
em
(2π)3/2
√
2ω
pm · ǫ∗(k, h)
k · pm e
−ik·vmtI , vµm := p
µ
m/Em , Em :=
√
m2 + |~pm|2 . (44)
Here βmn :=
√
1− m4(pm·pn)2 is the relative velocity between the particles. The expression (43) tells that |fα(tI)〉
is the coherent state of the soft photon and Dfα(tI) is the corresponding displacement operator. We can see
here, the asymptotic states in QED are the states dressed by the coherent photon. The above expression can
be straightforwardly extended to cases that there are several kinds of the charged particles or there is a hard
photon in |Φα〉11. Similarly, we can obtain |Ψβ(tF)〉〉 which is the asymptotic state of the “out” state.
B. Cancellation of infrared divergence
In this subsection, we explicitly show that there does not appear the infrared divergences in our S-matrix in
QED. We now choose tI = −T and tF = T and consider the limit T →∞ as a final step.
In the particle picture, by using the initial state given by (41) and the final state:
|Φβ〉 = |ψβ〉 ⊗ |0; γ〉 := b†σ′
1
(~p′1) · · · b†σ′
N′
(~p′N ′)d
†
s′
1
(~q′1) · · · d†s′
M′
(~q′M ′) |0; ψ〉 ⊗ |0; γ〉 , (45)
we investigate the S-matrix. It is straightforward to extend the initial and final states to more general states.
In our formulation, we calculate the asymptotic S-matrix, that is, we calculate
Sasβα(T,−T ) := 〈〈Ψβ(T )| SD(T,−T ) |Ψα(−T )〉〉 = eiθβα(T ) 〈fβ(T ) |fα(−T )〉×〈ψβ | SD(T,−T ) |ψα〉 . (46)
iθβα(T ) is the infinite phase factor associated with the asymptotic states:
θβα(T ) := lim
t→∞
∑
mn∈α
mn∈β
emen
8πβmn
log (T/t) . (47)
Here, we sum up the case m and n are both in the initial state α or both in the final state β. Note that
〈ψβ | SD(T,−T ) |ψα〉 is the standard Fock based S-matrix. When we define the energy region of the soft photon
in the internal line is larger than the infrared cutoff 1/t and smaller than Λ := δ/T , δ ≪ 1, the S-matrix is
given by [23]
〈ψβ| SD(T,−T ) |ψα〉 = exp
[
1
2
∑
mn
emenηmηn
(2π)3
∫
1/t≤ω≤Λ
d3k
2ω
(pm · pn)
(pm · k)(pn · k)
]
exp

i ∑
mn∈α
mn∈β
emen
8πβmn
log
δ/T
1/t

SΛβα .
(48)
In the first factor, the summation runs over all external lines and ηm is the sign factor with the value +1 for
particles in the final state β and −1 for particles in the initial state α. The third factor SΛβα is the S-matrix only
including the correction from virtual photons with the energy ω > Λ and this can be finite by the prescription
of the renormalization. The problem of the infrared divergence is the problem that the phase factor that is in
the second factor in (48) diverge and the first factor goes to zero in removing the IR cutoff.
Finally, we calculate 〈fβ(T ) |fα(−T ) 〉, which is the inner product of the coherent states and given by
〈fβ(T ) |fα(−T )〉 = Υβα(T )eiχβα(T ) , (49)
Υβα(T ) := exp
[
−1
2
∑
h
∫
1/t≤ω≤1/T
d3k |fβ(k, h;T )− fα(k, h;−T )|2
]
, (50)
iχβα(T ) := iℑ
∑
h
∫
1/t≤ω≤1/T
d3kfα(k, h;−T )f∗β(k, h;T ) . (51)
Here we have used the IR cutoff 1/t, again. We begin with the calculation of Υβα(T ). We can see
−1
2
∑
h
∫
d3k |fβ(k, h;T )− fα(k, h;−T )|2 = −1
2
∑
h
∫
d3k
(
|fα(−T )|2 + |fβ(T )|2 − 2ℜ[fα(−T )f∗β(T )]
)
. (52)
Now we have omitted k and h in the argument of f . For the first term in the r.h.s. of (52), we obtain
− 1
2
∑
h
∫
d3k |fα(−T )|2 = −1
2
∑
mn∈α
emen
(2π)3
∫
d3k
2ω
ei(vm−vn)·kT
[
(pm · pn)
(pm · k)(pn · k) +
pm · c
pm · k +
pn · c
pn · k
]
. (53)
11 When we include several kinds of the charged particles, by labeling the mass as m → mm, we can use the espression in (42-44)
as they are. When we include the hard photon, by separating the energy region of the photon as ω ≤ 1/
∣∣tI,F∣∣ and 1/ ∣∣tI,F∣∣ < ω,
we can define |0; γ〉 :=
∣∣∣0; γω≤1/|tI,F|
〉
⊗
∣∣∣0; γ1/|tI,F|<ω
〉
8We note that cµ is identical with the null vector introduced by Kulish and Faddeev in (17), cµ :=
1
2ω
(
1,−~ˆk
)
.
For the third term in (52), we also obtain
∑
h
∫
d3kfα(−T )f∗β(T ) =
∑
m∈α
n∈β
emen
(2π)3
∫
d3k
2ω
ei(vm+vn)·kT
[
(pm · pn)
(pm · k)(pn · k) +
pm · c
pm · k +
pn · c
pn · k
]
. (54)
Then in order to investigate the IR contribution, we separate the region of the integration into two regions
[1/t,Λ] and [Λ, 1/T ] and we calculate the contribution from the former region, and we find
Υβα(T ) ∝ exp
[
−1
2
∑
mn
emenηmηn
(2π)3
∫
1/t≤ω≤Λ
d3k
2ω
(pm · pn)
(pm · k)(pn · k)
]
. (55)
Here we assume eiv·kT ≈ 1 in the integration region [1/t,Λ ≪ 1/T ]. In a similar way, we calculate eiχβα(T ),
which has a contribution from the complex part, we may assume eiv·kT ≈ v · kT . Then the power of the ω
becomes larger, we find that eiχβα(T ) does not include the IR divergence and hence this phase is finite. By
combining the above calculations, we find that the asymptotic S-matrix is given by
Sasβα(T,−T ) = exp

iχβα(T ) + i ∑
mn∈α
mn∈β
emen
8πβmn
log δ

 exp
[
−1
2
∑
h
∫
Λ≤ω≤1/T
d3k |fβ(T )− fα(−T )|2
]
SΛβα , (56)
which does not include any divergence and well-defined. Note that the Dyson S-operator SD(T,−T ) in our
formulation is defined as a map from the von Neumann space to the von Neumann space, in contrast to the
formulation of Kulish and Faddeev12.
C. Gauge invariant condition and asymptotic symmetry
So far, we have argued about the asymptotic S-matrix when we impose the Coulomb gauge condition (31),
hereafter we discuss the gauge invariance. The S-matrix 〈ψβ | SD(T,−T ) |ψα〉 in (46) is nothing but the standard
S-matrix and therefore gauge invariant. Then we only need to discuss the gauge invariance of 〈fβ(T ) |fα(−T )〉.
For the coherent state of the soft photon, |fα(±T )〉, if we consider the gauge transformation ǫµ(k, h) →
ǫµ(k, h) + ε
∗
∓(k, h)kµ
13, we find
fα(k, h;±T )→ fα(k, h± T ) + ε∓α (k, h;±T ) , ε∓α (k, h;±T ) :=
∑
m∈α
em
(2π)3/2
√
2ω
ε∓(k, h)e
∓ik·vmT , (57)
and the inner product of the coherent states is transformed as,
〈fβ(T ) |fα(−T )〉 → 〈fβ(T ) |fα(−T ) 〉×
〈
ε−β (T )
∣∣ε+α (−T )〉 exp
[∑
h
∫
1/t≤ω≤1/T
d3kZβα(k, h;T )
]
, (58)
Zβα(k, h;T ) := ℜ
[(
f∗β(T )− f∗α(−T )
)(
ε+α (−T )− ε−β (T )
)]
+ iℑ
[(
f∗α(−T ) + ε∗+α (−T )
)(
fβ(T ) + ε
−
β (T )
)]
.
(59)
We choose the function of the gauge transformation ε± to be square integrable function in three dimensional
momentum space, ε± can be generally expanded by using the spherical harmonics Yℓm(
~ˆ
k) as follows,
ε±(k, h) =
∞∑
i=−1
ℓi∑
mi=−ℓi
∞∑
ℓi=0
ωiχ
±(i)
ℓimi
(h)Yℓimi(
~ˆ
k) . (60)
Now we can calculate the IR contribution of
〈
ε−β (T ) |ε+α (−T )
〉
similar to that in Section IVB and we find
〈
ε−β (T )
∣∣ε+α (−T )〉 ∝ exp
[
− 1
2(2π)3
log
Λ
1/t
∑
h
∑
ℓm
∣∣∣Qoutχ−(−1)ℓm (h)−Qinχ+(−1)ℓm (h)∣∣∣2
]
. (61)
12 von Neumann space admits the dressed states containing an infinite number of photons which does not live in the Fock space.
13 We use complex conjugate of ε just for making notation simple.
9Here Qin/out is the total charge of “in/out” state. Since the logarithm diverges in the limit of t → ∞, the
S-matrix is invariant if and only if
Qoutχ
−(−1)
ℓm (h) = Qinχ
+(−1)
ℓm (h) for any h, ℓ,m . (62)
Otherwise, the S-matrix vanishes14. Because Qout = Qin due to the symmetry of the standard S-matrix, the
condition for the gauge invariance in (62) requires
ε−(k, h) = ε+(k, h) +O(1) , (63)
for the functions of the gauge transformation for “in/out” asymptotic states. These relations correspond to the
existence of the large gauge charge in [7] and their large gauge transformation.
We may impose the free GB condition (21) for the free particle states and use the general polarization
for our asymptotic states. Then we can easily confirm that the gauge invariance condition (22) for the BRS
transformation hold, which tells that our asymptotic states respect the gauge invariance. The reason why we
cannot observe the asymptotic symmetry as in (62) in the research by using the asymptotic states by Kulish
and Faddeev, the null vector cµ in (17) makes the asymptotic states truly invariant. We have shown that the
asymptotic symmetry is the degrees of freedom in the gauge transformation for the asymptotic states. We
should note that these degrees of freedom are not included in the KF states but in our states.
V. SUMMARY AND DISCUSSION
In this paper, by starting with the definition of the S-matrix, we proposed the asymptotic states and S-matrix
different from those defined by Kulish and Faddeev. In our formulation, we can show that the S-matrix has
no IR divergence at least in QED as in the formulation by Kulish and Faddeev. The points different from and
better than the KF formulation are followings:
1. There are no ultraviolet divergences from the asymptotic states.
2. We need not to impose the boundary condition that the dress operator should vanish at t = 0.
3. Our formulation may have predictability because our asymptotic states do not include functional ambiguity
like φm(k, pm).
4. Because our asymptotic states do not include the null vector cµ, the states are compatible with the gauge
invariance condition in the BRS formalism and we can confirm the asymptotic symmetry in the S-matrix.
Related with 3, although the expression of the asymptotic S-matrix is given in (56), to extract concrete predic-
tions from the expression could be future works.
We should note that the definitions of the asymptotic states and the S-matrix proposed in this paper do not
depend, at least formally, on the details of the theory. Since then, we may expect that the definitions may give
non-trivial results for the theories with massless particles besides QED. Especially, some studies indicate that
asymptotic symmetry of scalar QED derives sub-leading soft photon theorem [21, 24]. Moreover, there are some
arguments that there exist asymptotic symmetries besides gauge theory [25, 26]. Our formulation may give a
new way of understanding the asymptotic symmetries from the viewpoint of the asymptotic states in quantum
field theory. We are now studying the scalar QED and found that asymptotic states could be squeezed states
instead of the coherent states [in progress].
Finally, we mention the relation with the information paradox or information loss problem in the black hole.
In the paper [12], it is shown that the photons with information on the current having fallen into the BH
appear in the horizon and null infinity. They claim that these photons are soft photons generated by the large
gauge charges associated with the asymptotic symmetry. In this perspective, they discuss that the asymptotic
symmetry and their charges are important to understand the information paradox. On the other hand, in the
analyses in this paper, the asymptotic symmetry appears as just a restriction on the gauge transformation for
the soft photons in the asymptotic states. That is, we cannot elicit the information of particles in the initial
state from the asymptotic symmetry. Instead, the asymptotic photon states themselves have the information
via the function fα in (44). From this viewpoint, we may infer that when we consider the information paradox
from IR physics, the charges are not so important but the dressed states are essentially important. From a
different context, there have been similar considerations by using the dressed states [27, 28]. In fact, the soft
photon theorem can be obtained from the asymptotic symmetry but the soft photon theorem itself cannot
remove the IR divergence in the S-matrix and therefore we cannot discuss their unitarity. By considering our
dressed states, we may study the unitarity of our S-matrix by following the series of papers by Kibble [14–17].
Also, there are some studies to investigate the difference generated by the dressed states [22, 29]. We expect
the researches using the dressed states may become more important.
14 The proportional factor in (61) is suppressed by a positive power of 1/T and when (62) holds,
∑
h
∫
1/t≤ω≤1/T
d3kZβα(k, h;T )
is also suppressed by a positive power of 1/T .
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